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Abstract

Biological membranes contain many specialized domains, ranging from tens of nanometers to several microns in size and
characterized by different concentrations and compositions of protein. Because these domains influence membrane function,
considerable attention has focused on understanding their origin. Here it is shown that number fluctuations and nonspecific
interprotein interactions can lead to considerable heterogeneity in the distribution of membrane proteins, and to an associated
submicron-scale domain structure. Number fluctuations were analyzed by modeling the membrane as a two-dimensional
fluid containing interacting protein solutes. The characteristic size and lifetime of a domain in which one would expect to
observe a fluctuation of specified magnitude was calculated; snapshots showing fluctuation-induced heterogeneity were
generated by Monte Carlo simulation. Domain size was found to depend on the nature of the interprotein force (e.g.,
attractive or repulsive) and on the average protein concentration. Domain size was largest at low protein concentrations and
in the presence of attractive interprotein forces, and was smallest at high protein concentrations and in the presence of
repulsive interprotein forces. Domain lifetime was found to depend on domain size and on the diffusion coefficient of the
proteins. In a ‘typical’ membrane containing S-nm proteins with diffusion coefficient 107'° ecm?/s at a density of 1000
proteins /pm?, a 30% fluctuation will yield domains characterized by a 2-fold difference in local concentration; these
domains persist over a distance of about 100 nm and have a lifetime of about 0.25 s. These results can be used to analyze the
domain structure commonly observed in electron micrographs, and have implications for both number fluctuation and Monte
Carlo studies of the distribution and dynamics of membrane proteins.

Keywords: Electron microscopy; Fluorescence correlation spectroscopy; Monte Carlo simulations; Membrane domains; Membrane protein;
Protein—protein interactions

1. Introduction can arise at sites of enzymatic pathways [1]. Inhomo-
geneities over larger (ca. 1 um) distance scales can

Biological membranes are far from homogeneous arise in areas where proteins aggregate to facilitate
mixtures of their lipid and protein components. In- energy transduction, such as the purple membrane of
stead, they contain numerous specialized domains Halobacterium halobium (2], or to facilitate cell—cell
that are essential for many aspects of membrane communication, such as the synapse [3,4] and the
function. For example, small (10-100 nm) scale gap junction [5). Finally, inhomogeneities over cell-
inhomogeneities in membrane protein distribution wide distance scales can divide functionally polar-

ized cells into distinct regions, such as the apical and
basolateral surfaces of epithelial cells [6] and the
* Corresponding author. head and tail of sperm [6,7}.
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Because membrane heterogeneity is so important
and ubiquitous, considerable effort has been directed
at identifying it. Large-scale heterogeneity has been
most successfully studied by combining immunola-
beling techniques with light and electron microscopy
[6). Here we focus on smaller-scale membrane het-
erogeneity, which has been less well studied. The
most direct evidence for the existence of smaller-scale
nonuniformity in membrane protein distribution
comes from freeze-fracture electron micrographs,
which reveal that the local protein concentration in
the membrane can differ significantly from the aver-
age protein concentration [8]. Biological membranes
thus appear to contain many smaller-scale protein-
rich and protein-poor ‘domains,” which range in size
from tens of nanometers to several microns.

Fluorescence techniques have also provided evi-
dence for the existence of membrane domains.
Somewhat indirect evidence comes from fluores-
cence recovery after photobeaching experiments in
which the mobile fraction of protein and lipid was
observed to depend on the size of the spot that was
bleached (reviewed in Ref. [9]). This result was
interpreted to mean that the membrane contains mi-
cron-sized domains that are closed to the entry or
exit of protein and lipid on a time-scale of minutes.
More direct evidence comes from images of fluores-
cently labeled cells. These frequently show micron-
scale heterogeneity in fluorescence intensity, which
may be a manifestation of underlying heterogeneity
in protein and lipid distribution [9].

Considerable effort has also been directed at un-
derstanding the origins of membrane heterogeneity.
It has been well-established that heterogeneity fre-
quently is maintained by specific biological mecha-
nisms, including confinement of proteins to domains
created by the cytoskeleton or tight junction, attach-
ment of proteins to the cytoskeleton, and interactions
of proteins with molecules in the extracellular matrix
or in the membranes of adjacent cells [6,9-13].

Membrane heterogeneity can also arise from non-
specific interactions. For example, in simple lipid
bilayers, lipid-lipid interactions can cause lipid
molecules to phase separate into domains of different
lipid composition [14]. In simple protein/lipid mem-
branes, protein-lipid and protein—protein interac-
tions can cause proteins to partition preferentially
into one lipid phase, creating protein-rich and pro-

tein-poor domains. Such behavior has been described
theoretically in terms of phase diagrams (reviewed in
Ref. [15]), which give information on the composi-
tion of phases, though not on their size. Finally, in
complex biological membranes, nonspecific mecha-
nisms can also influence heterogeneity, as has been
documented in the case of the clustering of connexon
proteins in the mouse liver gap junction [16,17].

In this paper, we investigate the origins of
smaller-scale heterogeneity in protein distribution.
We show that protein domains characterized by sig-
nificantly different densities of protein will exist
even within a single-phase membrane. This is a
consequence of the low number density of proteins
in the membrane; when number density is low,
number fluctuations can become large, and the local
protein density in an open area of membrane can
differ significantly from the average density. We
show that protein density fluctuations are influenced
not just by average protein number but also by
nonspecific interprotein interactions. For example, if
protein molecules attract they will tend to aggregate,
and their distribution will become more heteroge-
neous. In contrast, if protein molecules repel they
will tend to disperse, and their distribution will
become more homogeneous. The effects that inter-
protein interactions and average protein density have
on both the size and lifetime of protein domains
arising from number fluctuations are quantified. In
addition, applications of the results to electron mi-
croscopy, number fluctuation measurements, and
Monte Carlo simulations are explored.

2. Theory
2.1. Domain size

Heterogeneity in membrane protein distribution
means that different regions of membrane contain
different densities or compositions of protein. A
variety of physical mechanisms can give rise to
heterogeneity; here, we focus on number fluctua-
tions. Specifically, consider an open region of mem-
brane with area, A, and average protein density
(protein number /unit area), p. In this open region,
number fluctuations will cause the local protein den-
sity to differ significantly from the average density,
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creating domains that are transiently enriched or
depleted in protein.

One important characteristic of a domain is how
much its local protein density differs from the aver-
age protein density. This difference is proportional to
N—N, where N and N=pA are the instantaneous
and average number of proteins in the domain, re-
spectively. Thus, one possible measure of hetero-
geneity in protein distribution is the average differ-
ence between N and N, (N — N), which is known
as the first moment of the protein distribution. Unfor-
tunately, this first moment is zero because a domain
is equally likely to be enriched or depleted in protein
and because on average the local and average densi-
ties do not differ !. It is therefore customary to
characterize heterogeneity by calculating the second
moment of the distribution, ((N — N)?) = N2 - N2,
which is not in general zero. Higher order moments
can also be used to extract useful information about
protein distribution [18,19], although they will not be
used here. .

The normalized second moment, G(0) = (N? —
N?)/N?, can be used to compute the domain size
corresponding to a given percent fluctuation, yG(0) ,
by invoking results from the thermodynamic theory
of number fluctuations [20-23). Specifically,
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where kg is Boltzmann's constant, T is the tempera-
ture, and IT is the osmotic pressure. It follows that
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! This is not always the case. For example, at high concentra-
tions, the first moment may be nonzero in a hard-disk fluid
because fluctuations that would cause the local density to exceed
the packing limit are prohibited.

Thus, the characteristic length, s, over which one
expects to observe a percent fluctuation, {G(0) , is

(4)

The characteristic length is a function of percent
fluctuation, average protein density, and the interpro-
tein force. This lattermost dependence arises from
the dependence of the isothermal osmotic compress-
ibility, (8IT/dp)y, on the interprotein force.

Expressions relating the isothermal osmotic com-
pressibility to the interprotein force can be obtained
from statistical mechanics. The most direct way to
compute (3II/3dp); is to invoke the compressibility
equation, which reads [21]

k,,T(%); 1 +p[0°°[g(r) —1]27rdr.  (5)

Here g(r) is the radial distribution function, which
is a measure of the probability of finding a second
protein at a distance r from a given first protein
[20-24]). The dependence of (3I1/dp); on the inter-
protein force arises from the dependence of g(r) on
the force.

Unfortunately, the compressibility equation can
be difficult to implement numerically because the
integral is sensitive to random or systematic devia-
tions of g(r) from unity at large r. This difficulty
can be overcome by first computing IT( p) using
less sensitive equations, and then computing the
compressibility by differentiation. For a fluid con-
taining a single solute species interacting through a
pair-wise additive force, f(r), the pressure can be
computed from the pressure equation, which reads
(24]

I
) - p 4k—T1 A g(N2mrdr.  (6)

For the special case in which the particles interact
through a hard-disk (excluded-volume) potential,
II( p) can be computed from the Padé approximant
[25]
II(p) = pksT
1+0.031830f, +0.163344£2 +1.943328 1}
[ 1-1.968170f, +0.97166472

(7
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Here f, is the area fraction occupied by the proteins,
which is a function of p. Once (3I1/dp); is known,
domain size can be calculated from Eq. (4).

2.2. Domain lifetime

The lifetime of a domain is determined by the
time required for diffusion to bring about molecular
rearrangement over the distance scale of the domain.
One could attempt to calculate domain lifetime very
rigorously; however, a reasonable estimate can be
obtained using simple arguments. Assume that pro-
teins diffuse at a rate described by a diffusion coeffi-
cient, D. Domain lifetime, 7., can then be estimated
using the familiar diffusion relationship, (r2) = 4Dt
[26], by setting the mean-square displacement, {r?),
equal to s2, and the time equal to 7,. This yields

(rr)y s

“" 4D " aD’ ®
Eq. (8) shows that domain lifetime is an explicit
function of domain size (i.e., the distance over which
the molecules diffuse) and the speed with which the
molecules diffuse. In addition, domain lifetime is an
implicit function (through D) of density and the
interprotein force.

3. Results
3.1. Domain size

Fluctuations in particle number give rise to do-
mains in which the local particle concentration is
transiently higher or lower than the average concen-
tration. The characteristic size of these domains can
be calculated using Eq. (4). We examined the depen-
dence of domain size on p, YG(0), and f(r). Four
single-solute fluids differing in protein—protein force
were examined: (a) an ideal gas, in which the force
is zero; (b) a hard-disk fluid, in which the force is
infinite at protein—protein contact and zero else-
where; and (c) two inverse-power-law fluids, in
which the force contains soft repulsions or soft re-
pulsions and long-range weak attractions.

Ideal gas
Domains form even in the absence of interactions.
This is illustrated visually in snapshots of particle
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Fig. 1. Particle configurations in an ideal gas and in 4—6 inverse-
power-law potential fluids. Results are shown for an (A) ideal gas
and for fluids interacting through (B) an attractive-plus-repulsive
4-6 potential and (C) a purely repulsive 4—6 potential. Large
panels correspond to a reduced density of 0.3, and small panels
comespond to a reduced density of 0.8. Particles in the ideal gas
are located at the centers of the X's; particles in the 4-6 fluids
are located at the centers of the circles, which are drawn to radius
o. Each panel contains 256 particles. Note that fluctuations give
rise to visible domains at low density, particularly in the attrac-
tive-plus-repulsive fluid. However, at high density, fluctuations
and domain sizes are reduced, particularly in the 4—6 fluids.

configurations, which show a marked degree of
nonuniformity in the distribution of particles in an
ideal gas. Fig. 1A shows snapshots at two concentra-
tions; although particle positions are uncorrelated,
regions of enhanced and diminished occupancy are
still visible throughout the gas. Domain size in an
ideal gas is given by

1

*G(0) &
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which follows from Eq. (4) and the fact that IT( p)
= pkyT in an ideal gas. Eq. (9) shows that domain
size is inversely proportional to the square root of
particle density; relatively large domains are found
when p or yG(0) is small. For fixed yG(0),

domain size grows as p falls because {G(0) =

1/ \/ﬁ =1/y/pA. Plots of domain size in an ideal
gas as a function of yG(0) at several particle densi-
ties are shown in Figs. 2 and 3.

To develop a feel for the numbers in Figs. 2 and
3, note that a 30% fluctuation will lead to domains
whose average density differs by about 2-fold, since
the local particle number in the domains will then
range between ca. 0.7N and 1.3N. For an ideal gas
with p = 1000 particles /um?, domains correspond-
ing to a 30% fluctuation persist over a distance of ca.
100 nm.

Hard-disk fluid

Proteins in biological membranes are highly con-
centrated and interact with their neighbors [15,27-
33). For this reason, it is important to examine the
effects of interprotein forces on domain size. The
simplest interprotein force is the excluded-volume
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Fig. 2. Domain size in hard-disk fluids. Shown are domain sizes
for 10 nm particles at four particle densities (in number/ wm?):
10 (m), 100 (), 1000 ( #), and 10000 (O) computed using Eq.
(11). The area fractions and compressibilities for these four fluids
are (0.00079,1.00), (0.0079,1.03), (0.079,1.38), and (0.79,166),
respectively. Also shown are domain sizes for an ideal gas
(dashed line) at the same four particle densities. The ideal gas
corresponds to a hard-disk fluid in which the particles have zero
radius; results for the ideal gas were computed using Eq. (9). The
inset shows an enlarged view of the results for small domains and
percent fluctuations. Note that fluctuations cannot cause the local
concentration to exceed the hard-disk packing limit, f, =0.91;
this is a concern only at the highest density shown.
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Fig. 3. Domain size in 4-6 inverse-power-law potential fluids.
Results are shown for the aftractive-plus-repulsive (O) and purely
repulsive (M) 4—6 potentials. Also shown are results for an ideal
gas (dashed line), which corresponds to the 4-6 fluids in the limit
that the strength of the interaction goes to zero. Domain size
versus domain composition is shown for all three systems at (A)
relatively low particle density ( p « = 0.3) and (B) relatively high
particle density (p + = 0.8); these densities are the same as those
of the particle configurations in Fig. 1BC. Note that domains in
the purely repulsive fluid are always smaller than in the ideal gas,
in qualitative agreement with the hard-disk results. In contrast,
domains in the attractive-plus-repulsive fluid are larger than in the
ideal gas at low densities but smaller at high densities. (C) This
panel shows domain size for all three systems as a function of
particle density for fixed percent fluctuation (G(0) = 0.01; 10%
fluctuation). Results differ substantially at low concentrations but
converge at high concentrations. Values for p* =0.01 were
obtained from an analytical expression accurate at low particle
densities [48). The odd density dependence in the attractive-plus-
repulsive fluid may reflect structural changes in the fluid that
accompany the transition from low density (where attractions
dominate) to high density (where repulsions dominate).

interaction, a strong repulsion experienced only at
protein—protein contact.

w(ry=|" S (10)
0 r>dy
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Here u(r) is the pair potential describing the interac-
tion, and d is the hard-disk diameter. Domain size
in a hard-disk fluid can be found by differentiating
the pressure in Eq. (7), and substituting the result
into Eq. (4), yielding

1
pG(0)
1 — Af, + Bf}
X
VI +Af, - BfE=Cf~Df+ESf

(11)

Here f, = wdjcp/4, and A =1.968170, B=
0971664, A’ = 0.063660, B = 0.544280, C' =
0.464128, D' =0.105280, and E' = 0.086880. The
effects of nonidealities are contained in the bracketed
term; when d,., or equivalently f,, approaches
zero, the bracketed term approaches unity and Eq.
(11) reduces to the analogous ideal result, Eq. (9).

Fig. 2 shows domain size as a function of {G(0)
in the hard-disk fluid. Results are shown for a range
of particle densities (10~10000 particles/um?) and
particle sizes (0—10 nm) that spans those found in
biological membranes. (Note that the O—nm particles
in fact form an ideal gas.) At low densities, the
particles are relatively far apart and do not interact
much; the hard-disk and ideal results are then in
close agreement. However, at high densities, interac-
tions are common and the hard-disk and ideal results
differ significantly. For a given density, domain size
in the hard-disk fluid.is always smaller than in the
ideal gas. This is because repulsive interactions cause
particles to disperse, thereby suppressing fluctuations
and reducing domain size. Deviations from ideality
are most pronounced at high particle concentrations
and at high area fractions of protein (i.e., for larger
proteins) in domains whose composition differs little
from the average density.

Inverse-power-law potentials

Although the hard-disk potential is an important
prototype for interprotein interactions, recent evi-
dence suggests that membrane proteins may interact
through more complicated potentials [15]. These po-
tentials may contain soft repulsions, or soft repul-
sions and long-range weak attractions. Domain size

in the presence of such long-range interactions was
analyzed using two closely related 4-6 inverse-
power-law potentials. The first, containing both re-
pulsive and attractive components, is given by

21 6 4
u(r) = —ksT[(o/r)" = (o/r)"]. (12)

Here u(r) is the pair potential describing the interac-
tion, and o is the zero crossing for the potential.
The depth of the attractive well is kg7. The second,
containing identical repulsions but no attractions,
was obtained from Eq. (12) by a Weeks—Chandler—
Andersen [34] decomposition.

) ={4kaT[(0/r)°-(a/r)‘]+ kel r<1220 (13)
0 r>122¢

More detailed descriptions of the two potentials are
given elsewhere [35].

A Padé approximant has not been determined for
the two long-range 4—6 fluids. Thus, lateral pres-
sures, IT( p), were instead determined by numerical
integration of Eq. (6), using radial distribution func-
tions computed from Monte Carlo simulations [35].
Associated compressibilities were determined by nu-
merical differentiation of the pressure using a five-
point Savitzky—Golay fit [36]. Domain size was then
computed by inserting the compressibility into Eq.
@.

Fig. 1B and C shows Monte Carlo-derived parti-
cle configurations for the two 4—6 fluids at relatively
low and high concentrations, p * = po? =0.3 and
0.8, respectively. At low density, particle configura-
tions in both 4-6 fluids are distinctly nonuniform. In
addition, the configurations differ significantly. In
particular, attractions in the attractive-plus-repulsive
fluid cause particles to tend to aggregate, leading to a
visible (Fig. 1B) enhancement of number fluctua-
tions and domain size. In contrast, at high density,
particle configurations in the two fluids are similar
and relatively uniform. This similarity arises because
at high density particles are in close proximity, and
the structure of both fluids is therefore dominated by
identical repulsive interactions [37]. These structural
features are also visible in the associated radial
distribution functions [15].

Fig. 3A and B quantifies these observations and
shows domain size as a function of yG(0) for the
two 4-6 fluids at p* = 0.3 and 0.8. For compari-
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son, results for the ideal gas under otherwise identi-
cal conditions are also shown. At low concentrations,
large domains are found in all three systems, al-
though the largest domains are found in the attractive
fluid and the smallest in the repulsive fluid. At high
concentrations, domain size is considerably reduced.
Moreover, domain size is similar in the two 4-6
fluids, and smaller than in the ideal gas.

Fig. 3C shows domain size as a function of
particle density. Results are shown for yG(0) =0.1,
corresponding to 10% fluctuations in composition.
Curves associated with other values of yG(0) are
identical to those shown, except for a rescaling along
the vertical axis. Note that domain sizes in the purely
repulsive 4-6 fluid, as in the hard-disk fluid, are
always smaller than in the ideal gas. In contrast,
domain size in the attractive-plus-repulsive fluid is
larger than in the ideal gas for p * <0.5 (where
attractions dominate) and smaller for p* > 0.5
(where repulsions dominate). Both sets of 4—6 re-
sults converge at high particle densities.

3.2. Domain lifetime

The diffusion of membrane components underlies
both the creation and dissipation of domains. Do-
main lifetime is therefore a function of the rate of
diffusion (D) and the distance over which diffusion
occurs (s~ (r?)/?), as described by Eq. (8). In
addition, D, {r?), and thus the domain lifetime are
implicit functions of p, T, and u(r) (reviewed in
Ref. [38]). In principle, if p, T, u(r), and yG(0) are
known, then a value for D and the domain lifetime
can be computed. However, since D and {r?) ~ s?
can typically be measured experimentally, it is more
practical to calculate the lifetime directly from Eq.
(8) using experimentally measured values for D and
5. Variables such as p, T, and u(r) will then influ-
ence domain lifetime through their effect on the
measured diffusion coefficient. Note that although
domains are dynamic, only the lifetime, and not the
size, of the domains depends on dynamic quantities,
such as the diffusion coefficient.

Fig. 4 shows domain lifetime as a function of the
size of the domain. Results are shown for a range of
diffusion coefficients (1078-10"'2 cm?/s) that
spans the values observed in biological membranes
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Fig. 4. Domain lifetime as a function of domain size. Results are
shown for three values of the diffusion coefficient, as indicated.
These values bracket those reported for proteins in membranes.
These lifetimes describe the dissipation of a fluctuation of speci-
fied size, for the specified diffusion coefficient, independent of
domain composition.

[39]. Domain lifetime is very sensitive to domain
size, particularly for small domains. A ‘typical’ life-
time, computed for a small 100-nm domain with
D =107'% cm?/s, is about 0.25 s. Larger domains
or smaller diffusion coefficients can give rise to
domain lifetimes of hundreds of seconds or more.

4. Discussion

Heterogeneity in protein distribution is a promi-
nent and functionally significant structural feature of
biological membranes. For this reason, considerable
effort has been directed at identifying its origins. In
many instances, heterogeneity is maintained by spe-
cific biological interactions, such as binding of pro-
tein to the cytoskeleton. However, heterogeneity can
also arise in the absence of specific mechanisms. The
calculations presented here show that small-scale
(<1 um) heterogeneity can arise simply from num-
ber fluctuations. This is because number fluctuations
in an open system are significant when average
particle number is small, and micron-sized areas of
the membrane contain relatively small average parti-
cle numbers, ca. 1000 proteins / wm?.

Consider, for example, a case in which the distri-
bution of particles in an open area A containing N
particles follows Poisson statistics. The variance in
the number of particles in A will then be N, and the
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standard deviation (square root of the variance) di-
vided by the mean, which is yG(0) , will be [40]

/G0y = % (14)

Eq. (14) is equivalent to Eq. (9) governing number
fluctuations in an ideal gas and shows that one
expects a 30% fluctuation in an open area containing
eleven noninteracting proteins on average. Although
eleven is a very small number, it is the characteristic
number in a 0.1 um X 0.1 wm area of membrane
that contains 1000 proteins /um?, on average.

The calculations presented here also show that
smaller-scale heterogeneity can be profoundly af-
fected by interprotein interactions. In a membrane
containing proteins interacting attractively through a
4-6 potential at a reduced density of 0.3,
fluctuation-induced domains are about 2.5-fold larger
than in the analogous ideal gas. In contrast, in a
membrane containing proteins interacting repulsively
at a reduced density of 0.3, fluctuation-induced do-
mains are about 0.6-fold smaller than in the analo-
gous ideal gas. Domain sizes predicted by an ideal
gas model are accurate only for dilute membranes.

4.1. Implications for heterogeneity observed in elec-
tron micrographs

Electron micrographs of biological membranes
frequently reveal considerable nonuniformity in pro-
tein distribution on the 10 nm to 1 um distance scale
[8]. Analyses of such distributions typically focus on
determining whether the distributions are random
and on identifying the mechanisms that lead to non-
randomness. Implicit in such analyses is an assump-
tion that a random distribution is uniform, and that a
nonuniform distribution must be maintained by non-
random (e.g., specific) mechanisms. However, the
results obtained here show that equilibrium protein
distributions, which are random, can be distinctly
nonuniform, especially when particle number densi-
ties are low. Indeed, number fluctuations alone can
produce membrane domains that differ by a factor of
two in local concentration and that persist over dis-
tances of ca. 0.1 um. Thus, some nonuniformity in
protein distributions observed in electron micro-
graphs may arise simply from random number fluc-

tuations. Moreover, the degree of nonuniformity in
protein distribution may be profoundly influenced by
the nature of the interactions between the protein
molecules, as discussed above.

4.2. Implications for number fluctuation measure-
ments

There are several techniques designed to measure
number fluctuations and relate them to particle num-
ber and mobility. These include dynamic light scat-
tering [41] and fluorescence correlation spectroscopy
[42]; the latter technique has been applied to biologi-
cal membranes. Experiments that follow number
fluctuations often are analyzed using theories which
assume that the system is behaving ideally
[18,19,42—45]. Thus, expressions such as Egs. (9)
and (14) are routinely used to predict the magnitude
of fluctuations in particle number in an open system.

Although solutes in dilute aqueous solutions prob-
ably do behave ideally, proteins in biological mem-
branes do not. For example, nonideal behavior has
been documented for the proteins in the gap junction,
the erythrocyte membrane, and the nuclear envelope,
among others (reviewed in Ref. [15]). Thus, if num-
ber fluctuation  data obtained from a membrane are
analyzed using a theory that is applicable to an ideal
solution, the conclusions can be significantly in er-
ror. Consider, for example, a fluctuation correlation
experiment in which number fluctuations are used to
count particle number in an open area of membrane;
this is a method of assaying for aggregation
[18,19,45]. Suppose that the membrane contains pro-
teins at 30% area fraction interacting through a
hard-disk potential; a fluctuation of magnitude
yG(0) = 0.1 would then arise from an area of mem-
brane containing 26 proteins on average [Eqs. (2)
and (7)]. However, if interactions are ignored, a
fluctuation of magnitude 0.1 would be interpreted to
arise from an area of membrane containing 100
proteins on average [Eq. (14)], leading to a 4-fold
overestimate of protein number. Neglect of interac-
tions can thus lead to significant error when number
fluctuations are used to count particle number and
assay for aggregation. Similar statements apply when
number fluctuations are used to monitor protein dy-
namics [46].
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4.3. Implications for Monte Carlo simulations

Recently, considerable attention has focused on
numerical models of membrane behavior, including
membrane organization and dynamics (reviewed in
Refs. [15] and [47]). In many cases, these models are
based on Monte Carlo simulations of small regions
of membrane that contain on average only a few to a
few thousand lipid probes or proteins. During the
simulation, the number of molecules in the region is
typically held constant. However, the actual number
of molecules in the region should fluctuate around
the average value. Quantities such as diffusion coef-
ficients or energy transfer efficiencies computed from
the simulations will therefore be in error because
they will not include contributions from distributions
differing in local particle density. Neglect of fluctua-
tions is particularly significant when N is small.

Fluctuation problems can be avoided in two ways.
First, simulations can be performed allowing particle
number to fluctuate by using the grand canonical
ensemble rather than the standard canonical ensem-
ble. Second, results obtained from canonical-ensem-
ble Monte Carlo simulations can be adjusted to
reflect fluctuation effects by averaging results ob-
tained at different densities against a distribution
function that gives the probability of observing each
of the different densities.
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