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It is shown that the Born—Green-Yvon integral equation can be used to extract interparticle pair potentials from two- and three-
particle distribution functions in certain two-dimensional fluids. The approach was tested against Monte Carlo data from two
pairs of closely related inverse-power-law potentials and found satisfactory over a density regime from infinite dilution to near

crystal packing.

Considerable effort has been devoted to the de-
velopment of a statistical-mechanical theory capable
of describing the relationship between molecular
forces and molecular order in fluid systems. Familiar
products of this work include the Born—-Green-Yvon
(BGY), Percus-Yevick, and hypernetted-chain
(HNC) integral equations. Initial interest centered
on using these equations to characterize and predict
fluid structure through the use of distribution func-
tions, beginning with assumptions about the inter-
particle interactions. More recently, however, inter-
est has also developed in the so-called “inverse
problem™: deducing interactions from measured
structural information [1-3] #..
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Ref. [1] is a seminal article suggesting that structural infor-
mation can be used to deduce information on interparticle po-
tentials. Ref. [2] is a research article which reviews more re-
cent work on the inverse problem. Ref. [3] is a review article
which discusses studies of the inverse problem in two-dimen-
sional membrane systems. In such multi-component systems,
the interaction potentials computed corresponding to the ob-
served degrees of freedom (proteins) contain free-energy con-
tributions from the unobserved degrees of freedom (mem-
brane lipids and water) that have effectively been integrated
out.

#

Both the “forward” and inverse problems typi-
cally are formulated in terms of the same integral
equations. For three-dimensional systems, structural
information is usually available (from scattering ex-
periments) only in the form of the pair, or radial,
distribution function g(r). Consequently, most anal-
yses of the inverse problem are based on approxi-
mate integral equations that involve only g(r). Un-
fortunately, these equations are not accurate at high
densities [2-4], although Levesque et al. [2] have
markedly improved their performance using a com-
putationally intensive predictor—corrector method,
which iterates between the modified HNC equation
(in their case) and computer simulations.

Another way to improve the accuracy of the anal-
ysis is to use exact rather than approximate integral
equations. An example is the BGY equation, which
in two dimensions states

oo

dlng(r)] du(r) du(s) ..,
T = =4, +l s Kns)ds,
(la)
where
2n
K(r,s)= lp%((r;—;ﬁ—)cosﬂsdﬁ. (1b)

Here kg is Boltzmann’s constant, T is the tempera-
ture, u(r) is the pair potential, p is the particle num-
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Fig. 1. Coordinate system (inset) and potentials used in the in-
verse scheme. The pair potential for fluid R (dotted line) was
obtained from eq. (2) by truncating u(r) at r=1.2247¢ and add-
ing kg7T. The potential for fluid A (solid line) was obtained by
truncating eq. (2) (for computational economy) at r=3.0169¢
and adding —u#(3.016%¢) to mainiain continuity.

ber density, and g (r, s, 8) is the three-particle dis-
tribution function; see fig. 1. This equation is exact
for fluids with pairwise-additive potentials if we do
not invoke the standard superposition approxima-
tion, which replaces the three-particle distribution
function with a product of two-particle distribution
functions. Eq. (1) can be used to extract pair forces
in those two-dimensional systems, such as mem-
branes [3] and surfaces [5], for which pair and trip-
let information is directly accessible from molecular
coordinates revealed by electron microscopy.

We have previously used eq. (1) to calculate in-
terparticle potentials in both biological membranes
[6,7] and simulated systems [8]. In the experimen-
tal work, the goal was to deduce the pair potential
between intrinsic membrane proteins. In the simu-
lation work, the goal was to assay for the efficacy of
the technique by reproducing the potential used in
the simulation. We were able there to demonstrate
that the BGY equation can recover an inverse-power-
law potential from Monte Carlo data at intermediate
densities (where the form of the distribution func-
tion still depends markedly on the potential); a sim-
ilar observation was made for a three-dimensional
system by Haymet and Rice [9]. However, we are
fundamentally interested in using eq. (1) to char-
acterize interactions at all relevant particle densities,
which vary from infinite dilution to crystal packing
in membranes. The BGY approach must therefore
be tested more fully and an optimal algorithm es-
tablished. Here we ask: is the BGY equation capable
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of deducing pair potentials over the full range of fluid
particle densities? In particular, we investigate the
numerical stability of the inversion at high densities.

To address these issues, Monte Carlo simulations
were run, at various densities, on two closely related
potentials derived from the decomposition (follow-
ing the Weeks-Chandler-Andersen prescription
[10]) of a general 4-6 interaction

u(r)=% ke T[(a/r)*— (a/r)*] (2)

into purely repulsive (fluid R) and attractive-plus-
repulsive (fluid A) components; see fig. 1. Here o
defines the zero crossing of the potential, while kg T
gives the depth of the attractive well in fluid A. Our
choice of these potentials was motivated by a desire
to model the weak, long-ranged attractions and soft
repulsions predicted to act between proteins in bi-
layer membranes [3]. For completeness, we also
performed some tests using the more familiar 6-12
potential.

Two- and three-particle distribution functions cor-
responding to fluids R and A were obtained numer-
ically by averaging over discrete bins the interpar-
ticle separations in configurations generated during
the simulations; g(r) at two reduced densities
(p*=pc?=0.3 and 0.8), and further details, are given
in fig. 2. At low densities, the structures of the two
fluids as manifest in g(r) are markedly different; both
are short ranged and weakly defined. At high den-
sities, the structures are very similar; both are long
ranged, well defined, and determined largely by the
common repulsive forces [10,12]. A similar con-
vergence in structure is seen in g3 (r, 5, ) (data not
shown).

The force was determined by direct inversion of
the BGY equation using the distribution functions
g(r) and g (r,s,0) computed from the simula-
tions. At infinite dilution, g (r,s,8) can be ne-
glected and eq. (1) inverted analytically, yielding
u(r)=—kgT In g(r). At all other densities, both dis-
tribution functions contribute to u#(r) and the BGY
equation must be inverted numerically. This was ac-
complished by converting the integral equation into
a system of coupled linear equations [8]. The re-
sulting matrix problem was solved for the force using
LINPACK subroutines SGECO and SGESL [13].
The potential was then obtained by numerical in-
tegration of the force using Simpson’s rule [14].
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Fig. 2. Radial distribution functions for fluids R (dotted line)
and A (solid line) at p*=0.3 (A) and 0.8 (B). We analyzed 256
particles in a square cell using periodic boundary conditions and
the standard Metropolis et al. algorithm [11]. Results were av-
eraged over bins of width 0.050 every 10 cycles for a total of 2000
(A) to 5000 (B) cycles. A cycle corresponds to one sequentially
attempted perturbation of each particle in the system. The upper
limit on data acquisition was chosen to carry g(r) to (near) its
asymptotic value. It is reasonable to assume, without a priori
knowledge, that the range of the potential is comparable to or
shorter than the range of the structure revealed in the distribu-
tion functions.

The most effective numerical algorithm was the
simplest: equal weighting of terms in the sum rep-
resenting the integral and a five-point cubic-quartic
fit for the derivative (which was computed after tak-
ing the logarithm ). This approach flexibly handled
the sometimes rapid changes in u(r) and g(r). We
avoided smoothing, which effectively changes the
number of particles associated with each bin and
which can thus introduce artifacts into the pair po-
tential. Specifically, a depletion of particles might
appear as an effective repulsion, while an addition
of particles might appear as an effective attraction.
In contrast, variations in the unsmoothed distribu-
tion functions correspond to legitimate statistical
fluctuations and probably contribute only noise.

Calculated values of the pair potentials for fluids
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R and A are shown in fig. 3 corresponding to data
in fig. 2. The agreement between measured and an-
alytical values was good at all densities analyzed
(p*=0.0, 0.3, 0.5, 0.7, and 0.8). Slightly poorer per-
formance was obtained at the highest densities. This
was relected in the condition of the matrix (as re-
ported by LINPACK), which diminished monoton-
ically by two orders of magnitude as p* increased
from 0.3 to 0.8, and in the difficulty of correctly
computing d{Ing(r)]/dr as g(r) varied more rap-
idly. However, even when the distribution functions
were virtually identical, the forces were accurately
extracted by the BGY equation. Note that the valid-
ity of the results in fig. 3 was verified by repeating
the analysis on a second, independent set of
simulations.

We also performed less exhaustive tests on repul-
sive and attractive-plus-repulsive fluids derived from
a Weeks—-Chandler-Andersen decomposition of the
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Fig. 3. Pair potentials for fluids R (filled circles) and A (open
circles) derived from BGY inversion of Monte Carlo data. Re-
sults shown correspond to the data in fig. 2. Analytical potentials
for fluids R (dotted line) and A (solid line) are plotted for
reference.
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6-12 potential, again setting the well depth in the
starting potential equal to kg 7. Simulations were thus
run in the two-dimensional hypercritical fluid phase
[15]; we investigated systems at relatively low den-
sity (p*=0.3) and near the fluid-solid transition
(p*=0.8). Results were comparable to those shown
in fig. 3, though slightly poorer at the higher density.

We note that other groups have applied the BGY
equation to the inverse problem in three-dimen-
sional fluids [9,16-19], albeit less successfully. It
seems likely that the difficulties they encountered
arose from errors that are inherited when the super-
position approximation is used in the description of
three-dimensional systems; further evidence to sup-
port this conclusion is given by Haymet and Rice [9].
Kumaravadivel et al. [18] suggested that some of
these problems may be reduced using a k-space so-
lution of the BGY equation; we have not attempted
this form of solution because our data are obtained
directly in r-space (unlike the structure factor S[k])
and because the transform into k-space is sensitive
to values of the distribution functions at larger r for
which it is difficult to obtain good data.

In conclusion, the BGY equation provides a quick
and relatively inexpensive method for determining
pair potentials at all densities in systems such as
membranes and surfaces for which pair and triplet
distribution functions can be measured. At low den-
sities, it can extract the force from relatively weak
structural information. At high densities, where other
integral equations fail, it can discern differences in
the potentials from very subtle differences in the pair
and triplet distribution functions. Finally, under cir-
cumstances in which greater accuracy is desired than
that provided by a simple inversion of the BGY
equation, improvements in the potential may be
possible at greater cost using an iterative technique
such as that mentioned previously [2].
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